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Finite nilpotent symmetry in Batalin-Vilkovisky formalism
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We consider the Batalin-Vilkovisky formulation of both 1-form and 2-form gauge
theories, in the context of generalized BRST transformations with finite field de-
pendent parameter. In the usual Faddeev-Popov formulation of gauge theories such
finite field dependent BRST (FFBRST) transformations do not leave the generat-
ing functionals invariant as the path integral measure changes in a non-trivial way
for a finite transformations. Here we show that FFBRST transformation, with ap-
propriate choice of finite field-dependent parameter, is symmetry of the generating
functionals in the Batalin-Vilkovisky formalism. The finite parameter is chosen in
such a way that the contribution from the Jacobian of the path integral measure is
adjusted with gauge fixed fermions which do not change the generating functionals.
Several examples for such a finite parameters are constructed.
The field/antifield formulation, alternatively known as Batalin-Vilkovisky (BV) for-
malism [1–4], is one of the most powerful techniques to study the gauge field theories.
This formulation is developed in Lagrangian framework and extremely useful as it allows
us to deal with very general gauge theories including those with open or reducible gauge
symmetry algebras. The essential aspects of BV-formalism were originally developed by
Zinn-Justin [5] in order to prove the renormalizability of gauge theories. This method
provides a convenient way of analyzing the possible violations of symmetries of the action
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2by quantum effects. This formulation is based on the BRST symmetry [6] which plays a
crucial role in the discussion of quantization, renormalization, unitarity and other aspects
of gauge theory. The nilpotent BRST transformation is characterized by an infinitesi-
mal, anticommuting and space time independent parameter which leaves the FP effective
action as well as the path integral measure in the generating functional invariant.
In this present work, we show that FFBRST transformations [7] with appropriate
choices of finite parameter are symmetry of the generating functional in the BV formu-
lation. In usual FP formulation, FFBRST transformations do not leave the generating
functionals invariant as the path integral measure in the expression of generating func-
tionals changes non-trivially under finite transformations. We choose the finite parameter
in such a way that contribution from Jacobian for the path integral measure is adjusted
with gauge fixed fermion which do not affect the generating functional in BV formulation.
We construct few finite parameter and show the results in the context of both 1-form and
2-form gauge theories. Generalized anti-BRST transformations are also constructed and
are shown to be the symmetry of the generating functional in BV formulation of 1-form
and 2-form gauge theories with appropriate choice of finite parameter. In principle, one
can construct infinitely many such finite parameter for which FFBRST transformations
are symmetry of the generating functionals in BV formulation.
The main idea of BV formalism is to construct an extended action WΨ(Φ,Φ
⋆) by
introducing antifields Φ⋆ corresponding to each field Φ with opposite statistic. The sum
of ghost number associated to a field and its antifield is equal to -1. Generically Φ denotes
all the fields involved in the theory. The generating functional can be written as
Z[Φ⋆] =
∫
DΦeiWΨ[Φ,Φ
∗= ∂Ψ
∂Φ ]., (1)
Ψ is the gauge fixed fermion and has Grassman parity 1 and ghost number -1. The
generating functional Z[Φ⋆] is proved to be independent of the choice of Ψ [8]. This ex-
tended quantum action satisfies certain rich mathematical relation called quantum master
equation [9] and is given by
∆eiWΨ[Φ,Φ
∗] = 0 with ∆ ≡
∂r
∂Φ
∂r
∂Φ∗
(−1)ǫ+1. (2)
3Master equation reflects the gauge symmetry in the zeroth order of antifields and in the
first order of antifields it reflects nilpotency of BRST transformation. This equation can
also be written in terms of antibrackets as
(WΨ,WΨ) = 2i∆WΨ, (3)
where the antibracket is defined as
(X, Y ) ≡
∂rX
∂Φ
∂lY
∂Φ∗
−
∂rX
∂Φ∗
∂lY
∂Φ
. (4)
Invariance of FP effective action does not depend on whether the BRST parameter
is finite or field dependent as long as it is anticommuting and space-time independent.
Keeping this in mind, Joglekar and Mandal have generalized the BRST symmetry by
considering the anticommuting BRST parameter finite and field dependent [7]. Such a fi-
nite transformations relates the generating functionals corresponding to different effective
theories in FP formulation [16]. The path integral measure is not invariant under such
transformations as the parameter is finite and field dependent. It has been shown that
Jacobian can be exponentiated to modify the effective action. Because of this interesting
properties, FFBRST has found many applications [10–15]. FFBRST transformations are
obtained by integrating the infinitesimal (field dependent ) BRST transformations [7]. In
this method all the fields are allowed to be functions of some parameter, κ : 0 ≤ κ ≤ 1.
For a generic field φ(x, κ), φ(x, κ = 0) = φ(x), is the initial field and φ(x, κ = 1) = φ′(x)
is the transformed field. Then the infinitesimal field dependent BRST transformations
are defined as
d
dκ
φ(x, κ) = δBRST φ(x, κ) Θ
′[φ(x, κ)], (5)
where Θ′dκ is an infinitesimal field dependent parameter. It has been shown [7] by
integrating these equations from κ = 0 to κ = 1 that φ′(x) are related to φ(x) by FFBRST
transformation
φ′(x) = φ(x) + δBRST φ(x) Θ[φ(x)], (6)
where Θ[φ(x)] is obtained from Θ′[φ(x)] through the relation
Θ[φ(x)] =
∫ 1
0
Θ′[φ(x)]dκ. (7)
4Following exactly the similar methods one can also construct finite field dependent anti-
BRST (FFanti-BRST) transformations as
φ′(x) = φ(x) + δanti−BRST φ(x) Θ[φ(x)]. (8)
These transformations are nilpotent and symmetry of the FP effective action. Now we
are at a position to see the role of such transformations in BV formulation. In this
present work, we cast the FFBRST transformations with appropriate choice of parameter
as an formal nilpotent symmetry of the generating functional in the BV formulation.
We show the results explicitly in BV formulation of both 1-form and 2-form gauge theories.
In 1-form gauge theory: Yang-Mills theory:
We start with the generating functional of Yang-Mills theory in field/antifield for-
mulation which can be written as
Z[Aα⋆µ , c
α⋆, c¯α⋆, Bα⋆] =
∫
[dAdcdc¯dB] exp
[
i
∫
d4x
{
−
1
4
F αµνF αµν + A
µα∗Dαβµ c
β
+ cα∗
g
2
fαβγcβcγ +Bαc¯α∗
}]
, (9)
or, compactly
Z[Φ∗] =
∫
DΦexp [iWΨ(Φ,Φ
∗)], (10)
where
WΨ = S0(Φ) + δbrstΨ. (11)
Ψ is the gauge fixed fermion and can be written in this case as
Ψ =
∫
d4x c¯α
[
λ
2
Bα − ∂ · Aα
]
. (12)
The antifields Φ∗ corresponding to the generic field Φ are obtainable from the gauge fixed
fermion as
Φ∗ =
δΨ
δΦ
. (13)
5Now we apply FFBRST transformation given in Eq. (6) with the finite field dependent
parameter Θ(A, c, c¯, B) obtainable from
Θ′(A, c, c¯, B) = i
∫
d4y c¯α [γ1λB
α + (∂ · Aα − η · Aα)] , (14)
using Eq. (7) to the extended generating functional given in Eq. (10). Note even though
the parameter, Θ is finite and field dependent, it is anticommuting in nature. The path in-
tegral measure in the expression of Z[Φ∗] is not invariant under such finite field dependent
transformations and the generating functional change to
Z[Φ˜∗] =
∫
DΦexp
[
iWΨ1(Φ, Φ˜
∗)
]
, (15)
where
WΨ1 = S0(Φ) + δbrstΨ1, (16)
with Φ˜∗ = δΨ1
δΦ
. The gauge fixed fermion is changed from Ψ→ Ψ1 as
Ψ1 =
∫
d4x c¯α
[
ξ
2
Bα − η ·Aα
]
, (17)
with ξ = λ(1 + 2γ). However Z[Φ˜∗] is independent of the choice of Ψ as proved in Ref.
[8]. Thus, we see that nilpotent, finite BRST transformations
φ′(x) = φ(x) + δBRST φ(x) Θ[φ(x)], (18)
with the finite parameter given in Eq. (14) along with Φ˜∗ → Φ∗ is a formal symmetry of
generating functional Z[Φ∗] in BV formulation. We can construct many different choices
of the finite field dependent parameter Θ which changes only the gauge fixed fermion
through a non-trivial Jacobian in the path integral measure and hence are the formal
symmetry of the generating functional. For example, we make another choice of finite
field dependent BRST parameter as
Θ′(A, c, c¯, B) = i
∫
d4y c¯α [γ1λB
α + ∂0A
α
0 ] , (19)
the generating functional Z[Φ⋆] changes to
Z[Φ˜∗] =
∫
DΦexp
[
iWΨ2(Φ, Φ˜
∗)
]
, (20)
6where Ψ2 is the gauge fixed fermion given as
Ψ2 =
∫
d4x c¯α
[
ξ
2
Bα − ∂iAαi
]
, (21)
Z[Φ∗]
Θ′
−−−−−−−−−−−−−→
FFBRSTwith Z[Φ˜∗] (22)
Thus, the FFBRST transformations with the parameter given in Eq. (19) is also the
formal nilpotent symmetry of the generating functional in BV formulation.
In 2-form gauge theory:
In this section, we consider BV formulation of Abelian 2-form gauge theories which is
extremely useful in the study of string theories, dual formulation of Abelian Higgs model,
supergravity theories with higher curvature term [21–36]. We show that the FFBRST
transformations with a careful choice of finite parameter are the symmetry of the
generating functional of 2-form gauge theory in BV formulation. We start with effective
action for Abelian gauge theory for rank-2 antisymmetric tensor field Bµν defined as [35]
S =
∫
d4x
[
1
12
FµνρF
µνρ − i∂µρ˜ν(∂
µρν − ∂νρµ) + ∂µσ˜∂
µσ + βν(∂µB
µν + λ1β
ν − ∂νϕ)
− iχ˜∂µρ
µ − iχ(∂µρ˜
µ − λ2χ˜)] , (23)
where Fµνλ = ∂µBνλ + ∂νBλµ + ∂λBµν , Bµν is the antisymmetric tensor field of rank-
2, (ρµ, ρ˜µ) are anticommuting vector fields (ghost), (σµ, σ˜µ) are commuting scalar field,
(χ, χ˜) are anticommuting scalar fields, and (βµ, ϕ) are commuting vector and scalar field
respectively. The generating functional for this theory in BV formulation can be written
as
Z [Bµν∗, ρµ∗, ρ˜µ∗, σ˜∗, ϕ∗] =
∫
[dBdρdρ˜dσdσ˜dϕdχdχ˜dβ] exp
[
i
∫
d4x
{
1
12
FµνλF
µνλ
− Bµν⋆ (∂µρν − ∂νρµ)− i ρ
µ⋆∂µρ+ iρ˜
ν⋆βν − σ˜
⋆χ˜− ϕ⋆χ}] .(24)
This can be expressed compactly as
Z[Φ∗] =
∫
DΦexp
[
iWΨ3(Φ, Φ˜
⋆)
]
, (25)
7where
WΨ3 = S0(Φ) + δbrstΨ3. (26)
Ψ3 is the gauge fixed fermion given as
Ψ3 = −i
∫
d4x [ρ˜ν (∂µB
µν + λ1β
ν) + σ˜∂µρ
µ + ϕ (∂µρ˜
µ − λ2χ˜)] . (27)
The antifields Φ⋆ corresponding to generic field Φ for this particular theory can be obtained
from the gauge fixed fermion using Φ˜⋆ = δΨ3
δΦ
. Now we choose a FFBRST parameter
corresponding to
Θ′ =
∫
d4x [γ1ρ˜ν(∂µB
µν − ηµB
µν − ∂νϕ− ηνϕ) + γ2λ1ρ˜νβ
ν
+ γ1σ˜(∂µρ
µ − ηµρ
µ) + γ2λ2σ˜χ] (28)
and apply FFBRST transformations to the generating functional given in Eq. (25). This
takes Z[Φ⋆] to Z[Φ˜⋆] where
Z[Φ˜⋆] =
∫
Dφ exp[iWΨ4(Φ, Φ˜
⋆], (29)
WΨ4 = S0(Φ) + δbrstΨ4, (30)
and
Ψ4 = −i
∫
d4x [ρ˜ν (ηµB
µν + λ1β
ν) + σ˜ηµρ
µ + ϕ (ηµρ˜
µ − λ2χ˜)] . (31)
with the corresponding antifields as Φ˜⋆ = δΨ4
δΦ
. Thus, the FFBRST transforma-
tion in Eq. (6) with the parameter Θ′ given in Eq. (28) is a formal symmetry
of the generating functional, Z[Φ⋆]. In fact, the FFBRST transformations corre-
sponding to any choice of Θ′ which changes one gauge fixed fermion to another
gauge fixed fermion through a non-trivial Jacobian of the path integral mea-
sure are also symmetry in the BV formulation of Abelian 2-form gauge theory.
Anti-BRST:
Anti-BRST transformations are analogous to BRST transformations where the role of
ghosts and anti-ghosts fields are interchanged apart from some numerical factors. Formal
8nilpotent symmetry transformations for the generating functionals in BV formulation can
also be constructed using FFanti-BRST transformations [Eq. (8)]. For example, FFanti-
BRST transformations with finite field parameter corresponding to
Θ′ = −iγ
∫
d4x cα(∂ · Aα − ∂jA
jα) (32)
changes the gauge fixed fermion only and can be the symmetry of the generating functional
for 1-form theory in BV formulation
Z[Φ∗]
FFBRSTwith
−−−−−−−−−−−−−→
Θ′ Z[Φ˜∗] (33)
In 2-form gauge theory we can construct the finite field anti-BRST transformations pa-
rameter corresponding to
Θ′ab = −
∫
d4x [γ1ρν(∂µB
µν − ηµB
µν − ∂νϕ− ηνϕ) + γ2λ1ρνβ
ν
− γ1σ(∂µρ˜
µ − ηµρ˜
µ) + γ2λ2σχ˜] , (34)
is the symmetry generating functionals in BV formulation of 2-form gauge theory. Thus,
FFanti-BRST transformations with appropriate parameters are also the symmetry of the
generating functionals BV formulation.
Conclusion
Generalized BRST transformations in which the parameter is finite and field dependent
are also the symmetry of FP effective action and are nilpotent. In path integral formu-
lation of different gauge theories, such FFBRST transformations do not leave the path
integral measure in the definition of generating functionals invariant and hence the gener-
ating functionals are not invariant under such transformations. In fact, with appropriate
choice of the finite field dependent parameter, these transformations are shown to relate
different generating functionals corresponding to different effective gauge theories. Be-
cause of this important results, FFBRST transformations found many applications in the
study of gauge field theories. In the present work, we showed that such transformations
leaves the generating functionals defined in BV formulation of different gauge theories
9invariant. We chose the finite field dependent parameter in such a manner that the con-
tribution from non-trivial Jacobian of path integral measure is absorbed in the expression
of gauge fixed fermions in BV formulation. Recalling the well known result in BV for-
mulation that the generating functionals are independent of the choice of gauge fixed
fermion, we claim that FFBRST transformations with appropriate parameter are the for-
mal symmetry of the generating functionals defined in BV formulation. In principle, one
can construct infinitely many such parameter for which FFBRST leaves the generating
functionals invariant in BV formulation. We have constructed parameters both for 1-form
and 2-form gauge theories in this work. However, the disadvantage of such transforma-
tions is that these transformations are non-local. We believe that such transformations
will also leave the quantum master equation invariant in BV formulation which further
can lead to important consequences.
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